The quarter-wave resonator, which produces a narrow band of high acoustic attenuation at regularly spaced frequency intervals, is a common type of silencer used in ducts. The presence of mean flow in the main duct, however, is likely to promote an interaction between these acoustic resonances and the flow. The coupling for some discrete flow conditions leads to the production of both large wave amplitudes in the side branch and high noise levels in the main duct, thereby transforming the quarter-wave silencer into a noise generator. The present approach employs computational fluid dynamics ͑CFD͒ to model this complex interaction between the flow and acoustic resonances at low Mach number by solving the unsteady, turbulent, and compressible Navier-Stokes equations.
I. INTRODUCTION
Quarter-wave resonators are used as acoustic silencers in numerous applications. This well-known silencer produces a large acoustic attenuation at frequencies where the length of the side branch is an odd multiple of a quarter wavelength, ( f ϭc/4L, 3c/4L, 5c/4L,..., with c being the speed of sound and L the length of the side branch͒. In the presence of mean flow, however, a shear layer is created between the moving fluid in the main duct and the stationary fluid in the side branch. Under certain flow conditions, instability in the shear layer creates oscillations, which can then go on to excite acoustic resonances in the side branch. The acoustic resonances then amplify the oscillations in the shear layer, and the whole process continues to amplify until large-amplitude vortices are formed. This coupling can lead to the production of both large wave amplitudes in the side branch and high noise levels in the main duct. Thus, this interaction causes the quarter-wave resonator to become a noise source rather than an acoustic silencer.
Numerous works have been conducted on the noise and high-pressure amplitudes generated by flow over rectangular cavities. These configurations can be categorized into two groups: deep cavities and shallow cavities, as illustrated in Fig. 1 . The deep cavities have a length to diameter ratio, L/d, greater than 1, and include the side branches of the current investigation. In these cavities, flow-induced noise is produced primarily when oscillations in the shear layer create waves which travel along the length of the cavity, L, and reflect back to interact again with the shear layer. These long side branches are commonly investigated both in confined flows, where h is a finite dimension, and in half-plane flows where h is infinite. The shallow cavities, where L/d is less than or equal to 1, are similar in nature to deep cavities and share many common properties. For these short cavities, however, the stronger acoustic interactions take place over a͒ Electronic mail: selamet.1@osu.edu the longer dimension of the cavity d. The shallow cavities have typically been investigated in half-plane flows. Detailed reviews of flow noise in cavities can be found, for example, in Naudascher ͑1967͒, Rockwell and Naudascher ͑1978͒, and Komerath et al. ͑1987͒ .
Some of the early experimental work on deep cavities was performed by East ͑1966͒, who examined low Mach number flows over a two-dimensional ͑rectangular cross section͒ unconfined cavity. East showed that these deep cavities excite primarily discrete frequencies that occur near the fundamental acoustic resonance frequency of the side branch, and concluded that the tones are produced when oscillations are amplified by coupling between the shear layer fluctuations and the cavity acoustic modes. He also noted that the peak excitation occurred in two discrete ranges of Strouhal number Stϭ f d/Uϭ0.3-0.4 and Stϭ0.6-0.9, suggesting two different modes of shear layer excitation. Visualization studies by Erickson et al. ͑1986͒, Erickson and Durgin ͑1987͒, and Ziada ͑1993͒ showed that the excitation near Stϭ0.4 is characterized by a single vortex in the branch mouth, while the excitation near Stϭ0.8 is characterized by two simultaneous vortices in the branch mouth. Later experimental work by Jungowski et al. ͑1987, 1989͒ for a circular side branch mounted to a circular duct showed excitation in similar ranges of Strouhal number.
Shallow cavities with L/dϽ1, as shown in Fig. 1͑b͒ , also exhibit flow-acoustic coupling similar in nature to that of the deep cavities. Several experimental works documenting the properties of these shallow cavities include Krishnamurty ͑1955͒, Ball ͑1959͒, Dunham ͑1962͒, Heller and Bliss ͑1975͒, Franke and Carr ͑1975͒, Shaw ͑1979͒, and Sarno and Franke ͑1990͒. These studies have shown that, with the long length of the cavity in the flow direction, as many as five different shear layer modes can be excited. The Strouhal number of the first vortex mode excitation occurs near 0.4, which is similar to that of deep cavities. Helmholtz resonators, which consist of a cavity connected to the main flow duct through a smaller orifice opening, also have distinct acoustic resonances and have shown excitation properties similar to the side branches ͑De Metz and Farabee, 1977; Anderson, 1977; Hersh et al., 1978; Panton, 1988͒. Due to the complexity of the problem with unsteady, nonlinear, viscous, compressible, and turbulent flow, the formulation of analytical methods becomes difficult and involves numerous assumptions. Covert ͑1970͒ used linear stability theory to couple mean flow with oscillations in a cavity. For shallow cavities, Tam and Block ͑1978͒ added the shear layer momentum thickness and acoustic wave propagation and reflection in the cavity to their linear model. They demonstrated that the shear layer momentum thickness and the length to depth ratio of the cavity were important in determining how the Strouhal number at excitation varies with Mach number. With estimated values for the momentum thickness, their results correlated well with experiments in determining the Strouhal number for excitation. Their acoustic model did not allow for wave reflections from the open end of the cavity, however; thus, this method would require modification to allow for cavity normal-mode resonances. Howe ͑1981, 1997͒ used linear theory to model a cavity connected to the mean flow through a small aperture. His predictions of excitation velocity also correlated well with experimental values. More complicated models by Bruggeman et al. ͑1991͒ and Durgin and Graf ͑1992͒ introduce concentrated vortices into the flow and are able to predict acoustic pressure amplitudes for cavity flows. These vortex models perform well in providing qualitative predictions of changes in the acoustic amplitudes, although the predicted amplitudes exceed experimental values by a factor of 4 in Bruggeman et al. and 5 in Durgin and Graf. In another vortex model by Kriesels et al. ͑1995͒ , the interaction between acoustic waves and distributed vortex ''blobs'' was studied at the junction between a duct and a deep side branch. Comparisons between Schlieren visualization and computational predictions of the vortex growth and propagation using this method were excellent. The model requires that acoustic boundary oscillations be specified from measured values, however, and thus does not reproduce self-sustaining oscillations. Several authors including Nelson et al. ͑1983͒, Bruggeman et al. ͑1991͒, Durgin and Graf ͑1992͒, and Kriesels et al. ͑1995͒ have combined their vortex models with the theory of Howe ͑1984͒ to examine when and where in the acoustic cycle sound power is produced.
Recently, attempts have been made to use conventional CFD methods to solve for the acoustic field generated by flow over a shallow cavity. The majority of these works considers high Mach number flows greater than 0.95, except for Hardin and Pope ͑1995͒, who examine a low Mach number of 0.1. Hardin and Pope used an uncoupled approach in which the acoustic field is solved from incompressible and laminar flow-field results. This method does not allow, however, for coupling or feedback between the acoustic and flow fields. The works of Hankey and Shang ͑1979͒, Rizzetta ͑1988͒, Baysal et al. ͑1988, 1990 treat high Mach number flows by solving the compressible Navier-Stokes equations with a simple algebraic turbulence closure model. These works show that the computational method is adequate for predicting the properties of the mean flow field. Rizzetta ͑1988͒ also demonstrates the ability to predict the generated acoustic noise. The first three resonance frequencies of excitation are predicted in the cavity, although the pressure amplitudes are overpredicted across the frequency spectrum. A most recent work by Lilley et al. ͑1997͒ uses a large eddy simulation to close the turbulence equations for flow over a shallow cavity. No results concerning the acoustic pressure field are provided in this work, however.
The present approach solves the compressible NavierStokes equations with a turbulence closure model, similar to some of the previous computational investigations of flow over shallow cavities. Rather than focusing on modeling the mean flow field, however, the objective of the present work is to accurately reproduce the interaction between the acoustic waves in the cavity and the vortices that form in the shear layer between the flow duct and the cavity. While other researchers have studied similar shallow cavities at high Mach number using this method, the present work considers deep side branches which are capable of producing nonlinear wave amplitudes from low Mach number flow. As indicated earlier, other authors have used various types of simplified models to study the same interactions in deep side branches. Many of the assumptions and limitations of these models can be overcome using the present approach, however. By solving the full Navier-Stokes equations, the nonlinearities in the acoustic waves can be properly modeled, thereby circumventing the constraint of linear wave amplitude treatments. Also, rather than approximating the vortex strength, location, and path as it travels across the mouth of the side branch, as is done in many of the vortex methods, the present approach allows the vortex to develop naturally and interact with both the acoustic waves and the flow field as it travels over the side branch. Many of the analytical and vortex models also use the assumption of incompressible flow for low Mach numbers, which requires that the acoustic waves be introduced externally from experimental measurements. Such approach does not allow for a true interaction between the vortices and the acoustic field, as the vortices are unable to alter the fixed acoustic amplitude. Thus, this simplification makes prediction of variations of the acoustic pressure amplitude at different flow velocities impossible. By solving the compressible flow equations with the current method, the vortices and the acoustic waves are allowed to interact, with each affecting the other until a natural equilibrium is reached. This enables the present work to determine both when the flow-acoustic coupling will occur and how the acoustic pressure varies as the mean flow velocity and various duct dimensions are changed. The present computational approach also has the potential to include irregular-shaped geometry which would be difficult to include in many of the foregoing analytical models. Several authors, including Dunham ͑1962͒, Franke and Carr ͑1975͒, Jungowski et al. ͑1987, 1989͒, and Bruggeman et al. ͑1991͒ have shown that small changes in the geometry of the interface between the flow field and the cavity, such as the addition of a small ramp or radius, can help to reduce the acoustic pressure amplitudes or eliminate the coupling altogether. Finally, the present approach allows for reflections from the inlet and outlet boundaries of the main duct. Bruggeman et al. ͑1986͒ demonstrated experimentally that when the side branch is connected to another duct, as shown in Fig. 1͑a͒ , the reflections from the inlet and outlet ducts can have a major impact on the acoustic pressure amplitudes produced during the flow-acoustic coupling. They emphasized that the acoustic properties of the entire system, not just the side branch itself, need to be accounted for, and were able to reduce acoustic amplitudes by 20 dB by altering the termination length. This effect has been largely overlooked elsewhere in the literature, however.
The objective of the present study is to assess the feasibility of using computational fluid dynamics to solve flowacoustic coupling problems in deep cavities at low Mach numbers Ͻ0.1. A two-dimensional investigation has been performed comparing the numerical predictions to experimental results obtained by Ziada ͑1993͒. His experimental configuration consists of a main duct with two side branches positioned at the same duct location opposed from each other. Results are provided for the acoustic pressure amplitude versus Strouhal number, as well as smoke visualization of the interaction between the main duct and a side branch. The detailed computations also allow the theory of Howe ͑1984͒ to be applied to the flow field to approximate the acoustic power produced by the flow-acoustic interaction. Following this Introduction, a brief description of the computational approach is given in Sec. II. A comparison of the computations with the experimental results of Ziada is presented in Sec. III, along with a detailed investigation into how acoustic power is produced by the coupling. Finally, results and concluding remarks are given in Sec. IV.
II. METHODOLOGY
The effect of acoustic propagation and bulk fluid flow can be obtained simultaneously if the unsteady viscous compressible flow equations are solved with sufficient accuracy. In the present problem, the acoustic waves and the mean flow are strongly coupled, with oscillations in the mean flow exciting acoustic waves which in turn feed energy back into the mean flow oscillations. This requires an accurate resolution of both acoustic waves and fluid flow in the time domain. To ensure accurate resolution of the acoustic waves, the effects of time-step size and grid spacing were investigated for a single side-branch configuration similar in dimension to the double side-branch configuration used for the present study. With the current resolution, acoustic amplitudes are underpredicted within about 2-3 dB at the quarterwave resonance frequency of the side branch due to numeri-cal dissipation. Better accuracy can be obtained by increasing the temporal and spatial resolution further; however, the higher accuracy is not justified due to the excessive increase in computational time. The present computational approach solves the unsteady flow equations using the PISO algorithm ͑Issa, 1986; , which is an implicit, noniterative method for unsteady compressible flow equations. The standard k-epsilon turbulence model of Launder and Spalding ͑1974͒ is used to close the flow equations. This turbulence model requires the solution of only two additional differential equations, and has been documented extensively. Yet, it has not been used for flow-acoustic problems extensively, as limited research is available in this area. While it is almost certain that a better closure exists or can be developed specifically for flow-acoustic-type problems, such development is beyond the scope and main objective of the present work.
As discussed in the Introduction, the success thus far in modeling flow-acoustic interactions for flow over cavities has been limited, and the majority of the work is confined to shallow cavities. In order to evaluate the feasibility of the numerical approach, an investigation on deep side branches is undertaken by modeling the configuration used by Ziada ͑1993͒, who provides information on acoustic pressure amplitudes versus the Strouhal number and clear smoke visualization of the vortex as it travels across the branch mouth. The geometry, which is shown in Fig. 2 , consists of a square main duct with two opposed side branches that are rectangular in cross section. The rectangular cross section allows for simple two-dimensional modeling. The main duct height is hϭ0.092 m, and the dimension of the side branch in the flow direction is dϭ0.052 m. Both side branches are of equal length Lϭ1.0 m. The visualization study was performed at atmospheric pressure and low Mach number (M Ͻ0.1) with a loudspeaker placed at the end of one of the side branches, as shown in Fig. 2 , to control the acoustic excitation level in the system. The effect of the Strouhal number on acoustic pressure amplitudes was also investigated ͑without the loudspeaker͒ by varying the flow velocity. In order to reduce the viscous dissipation of acoustic waves, experiments not requiring visualization were performed at an elevated pressure of 0.35 MPa ͑approximately 3.5 atm͒. Ziada and Buhlmann ͑1992͒ showed that increasing the mean pressure from 0.098 to 0.35 MPa increased the nondimensionalized acoustic pressure 2 P rms / 0 U 2 by 60%. The computational domain is two dimensional with a 2.0-m inlet duct and a 1.0-m outlet duct leading to a mesh of 17 250 cells. The inlet boundary condition reflects acoustic waves as a solid boundary would, while the outlet imposes a fixed pressure. The inlet length of 2.0 m was chosen to be twice the length of the side branch in order to reduce acoustic coupling between the two. A law of the wall model is used to simplify the turbulence model at the solid wall boundaries. Investigation of the specified turbulence intensity imposed at the inlet revealed that the intensity above 6% does not affect the acoustic pressure amplitudes. An inlet turbulence intensity of 10% was specified for the present runs. The inlet velocity was imposed using a 1/7 power-law velocity profile. All computational runs were initialized with a mean pressure of 0.35 MPa to match the pressure used by Ziada, and a temperature of 293 K. A mean velocity was also specified in the main duct initially, with zero velocity in the side branches. Ziada reported that the two side branches oscillated out of phase ͑the acoustic pressure at the top branch was maximum when the acoustic pressure at the bottom branch was minimum͒; therefore, a small pressure imbalance was introduced to the side branches at start-up to promote an out-of-phase response. The system was then run until a quasi-steady state was reached in which the only change in time was the acoustic oscillations. Computational time on a single SGI Origin 2000 processor for the above runs is approximately 2.4ϫ10
Ϫ5 CPU second/cell/time step or about 2 to 3 days per run. Details of the computations can be found in Radavich ͑2000͒.
Once the computations reach a quasi-steady state, the theory of Howe ͑1984͒ is used to relate the acoustic power generation
to the integral over a control volume, CV, of the time average of a triple product between the acoustic velocity uЈ, the vorticity , and the flow velocity u. Here, the acoustic velocity is the unsteady irrotational component of the velocity and the flow velocity u excludes the acoustic velocity. As shown by Jenvey ͑1989͒, Eq. ͑1͒ is a constant entropy, inviscid, low Mach number approximation to the sound power. For the present high Reynolds number, low Mach number flow, it provides a reasonable approximation to the sound power, and is convenient for studying the interaction between the flow and acoustic fields. Equation ͑1͒ is solved computationally by storing the velocity and density for each cell in the domain for an acoustic cycle. The vorticity is calculated from the total unsteady velocity, and the solenoidal velocity is solved from the vorticity. The irrotational velocity is simply the difference between the total velocity and the solenoidal velocity. Fast Fourier transforms ͑FFTs͒ of the irrotational velocity and density are then taken cell by cell to separate the acoustic irrotational velocity uЈ and the mean density 0 . As the mean component of the irrotational ve- locity is solenoidal ͑Batchelor, 1967͒, it has been added to the solenoidal velocity which yields the flow velocity u used in Eq. ͑1͒. The unsteady acoustic power is then integrated for each cell ͑or control volume͒ followed by time averaging once again using an FFT. Results of this approach along with experimental comparisons are discussed next.
III. RESULTS AND DISCUSSION
An example of the transient start-up of a run for Stϭ0.4 is given in Fig. 3 , which shows the acoustic pressure at the closed ends of the top and bottom side branches versus the time step. The acoustic amplitude at the first time step in Fig. 3͑a͒ is determined by the pressure discontinuity specified in the initial conditions. This discontinuity promotes an out-of-phase oscillation in which vortices are shed alternately between the top and the bottom branches. Later in Fig.  3͑b͒ , the system has reached a quasi-steady state in which the acoustic pressure oscillations are repeating. If there were no coupling between the mean flow and the acoustic waves, the combined effect of viscosity and the numerical dissipation would cause the initial oscillations of Fig. 3͑a͒ to gradually dissipate to zero amplitude, since there is no acoustic source in the system to sustain these oscillations. Instead, the amplitudes grow until a final amplitude is reached in Fig. 3͑b͒ that is greater than the initial oscillation. For this to occur, energy must be transferred from the mean flow to the acoustic oscillations, demonstrating a true coupling between the acoustic field and the flow field.
To determine how this coupling varies with flow conditions, a series of runs was performed by holding the geometry of the side branches fixed and varying the inlet flow velocity to obtain Strouhal numbers ranging from 0.2 to 0.5. Figure 4 demonstrates how the acoustic pressure amplitude at the resonance frequency of the side branches varies with the Strouhal number. Since both branches produce similar amplitudes, only results from the bottom branch are shown here. The computations show excitation in the region from Stϭ0.25-0.5. The nondimensionalized pressure amplitude peaks near a value of 8 at Stϭ0.35 and drops off as the velocity goes lower or higher. Outside of the region from Stϭ0.25-0.5 the acoustic oscillations are so small that the nondimensionalized pressure approaches zero amplitude. The experimental results from Ziada ͑1993͒ are also shown in Fig. 4 . According to Ziada, the loop in the experimental data is a nonlinear hysteresis effect which shows that as the flow velocity is gradually increased, there is a region where the feedback loop is ''locked in'' and the coupling continues above its normal value. Decreasing the flow through this region avoids the lock-in region and produces different results. It was not attempted to reproduce the loop in this study due to the additional computational time needed to slowly ramp up the velocity. In the experiments by Ziada, mufflers were placed upstream and downstream of the side branch, and because of this the reflection properties of the experimental inlet and outlet are unknown. In the computations, the inlet and outlet lengths were chosen so that they would not couple with the side branch at its quarter-wave frequency. If the mufflers used in the experiments are assumed to reduce the interaction between the main duct and the side branch by decreasing reflections at the boundaries, then the experimental pressure amplitudes should be similar to the computational results, which is observed to be true in Fig. 4 . Although a direct comparison cannot be made between the experiments and the computations due to these boundary differences, it is important to emphasize that the computational method predicts the flow-acoustic coupling in the same Strouhal range of 0.25 to 0.5. In terms of sound-pressure level, the difference between the computations and the experiments is only about 6 dB at Stϭ0.3. As discussed in Sec. II, however, increasing the resolution of the computations may increase its acoustic predictions by as much as 3 dB, which would drop the difference to only 3 dB.
The paper by Ziada also contains detailed smoke visualization of the formation and propagation of vortices at the interface between the main duct and the side branch. Sketches of these smoke figures are shown in Figs. 5 and 6 for Stϭ0.4. This experimental work provides a series of eight figures that shows the formation and propagation of the vortex during a single acoustic cycle; however, neither the phase of the first figure nor the phasing between consecutive figures is specified. It is assumed here that the acoustic cycle was divided into equal increments with one figure at each increment. In order to compare with experiments, the present computational method released a large number of particles into the flow and tracked their positions to simulate smoke plots. The computational work divided the acoustic cycle into regular intervals and these figures were then matched to the experimental smoke pictures. Due to the uncertainty in the phase of the experimental figures, some phase differences may exist between the experiments and computations in Figs. 5 and 6. In the experiments performed by Ziada, a loudspeaker was used to increase the oscillation amplitudes for improved visualization ͑recall Fig. 2͒ , and the experiments were conducted at atmospheric pressure to simplify the smoke injection process. The computations achieved similar high amplitudes by imposing an oscillating velocity at the top side-branch end. To equalize the comparisons, the ratio of acoustic velocity to mean flow velocity uЈ/U was matched, with both having a ratio of 0.5. The acoustic velocity is approximated in both the experiments and the computations by normalizing the pressure at the bottom closed branch end by 0 c. The results are shown in Figs. 5 and 6 for one complete cycle where the acoustic period, T, has been divided into eight increments. Overall, the comparison between the computational predictions and the experiments is excellent, suggesting that the actual physics of the flowacoustic coupling is captured in the computations. In the sequence of figures, the acoustic pulse pulls downward into the side branch at T/8, enhancing the roll-up of the vortex off of the upstream edge. The vortex continues to grow and is convected along by the mean flow at 2T/8 and 3T/8. The compressed fluid in the side branch then pushes back, forcing the vortex upwards from 3T/8 to 5T/8. The cycle then repeats itself as the acoustic pulse reverses at 6T/8 and 7T/8, causing the roll-up of another vortex. The simultaneous existence of two vortices generated one acoustic period apart at 7T/8 allows for an approximation of the average vortex convection velocity for the cycle. Dividing the distance ͑measured in the mean flow direction͒ between the estimated centers of the two vortices by the acoustic period gives an average vortex convection velocity of approximately 5 m/s. This yields a vortex convection velocity to mean flow velocity ratio near 0.45 for this case with Stϭ0.4 and uЈ/Uϭ0.5, whereas Ziada ͑1993͒ approximates the value to be closer to 0.6. This difference is due primarily to the difficulty in locating the vortex centers from the smoke plots; however, as Figs. 5 and 6 reveal, the vortex convection velocity is closely matched between the computations and experiments.
The approximate acoustic power produced over an acoustic cycle by the interaction between the vortex, the velocity field, and the acoustic velocity is shown in Fig. 7 . Since the computations are two-dimensional, the power is displayed per unit depth in the third dimension. This plot, which focuses on the junction between the main duct and the lower side branch, was produced by integrating the triple product ͓Eq. ͑1͔͒ over each computational cell and time averaging the results. The computations predict that a large net source of acoustic power is produced in the main duct just outside of the side branch, while a concentrated acoustic sink is located near the upstream corner. The details of where in the acoustic cycle this acoustic power is produced can be examined by solving for the instantaneous approximate sound power 
indicating that the product of the vorticity with the cross product ϪuϫuЈ is the main component of the acoustic power.
Focusing on the first time corresponding to 2T/8 in Fig.  5 , Fig. 8͑a͒ shows a small source with peak amplitude of about 0.05 W/m located near the upstream corner of the junction between the main duct and lower side branch. A weaker sink is also located further down in the side branch. The instantaneous and acoustic velocity vectors at this time are shown in Figs. 9͑a͒ and ͑b͒. The velocity in Fig. 9͑a͒ shows a large recirculation near the upstream corner where the smoke plot rolls up at 2T/8 in Fig. 5 . The acoustic velocity in Fig. 9͑b͒ shows that the acoustic pulse is weakly pushing up out of the side branch at this time. With the outward acoustic velocity being primarily perpendicular to the flow in the main duct, the cross product of the velocity and acoustic velocity in Fig. 9͑c͒ reveals a negative contribution outside of the side branch. The presence of the vortex tends to augment the negative cross product near the upstream corner, while it creates a weaker positive contribution further down in the side branch. The negative vorticity in Fig. 9͑d͒ is located near the transition from positive to negative in the cross product, thus via Eq. ͑3͒ producing a source near the upstream corner and a sink below this as shown in Fig. 8͑a͒ . The peak negative contribution of the cross product is greater in amplitude than the positive contribution, and thus the acoustic source at this time is stronger than the sink.
At the next time step of 4T/8 in Fig. 5 , the instantaneous power in Fig. 8͑b͒ shows a large strong source with a peak amplitude near 2.3 W/m located in the main duct nearly centered on the junction. Comparison with Fig. 7 reveals that this portion of the acoustic cycle is a major contributor to the time-averaged acoustic source. Breaking down the triple product in Fig. 10 shows that the acoustic pulse is pushing strongly out of the side branch at this time. This strong upward pulse perpendicular to the flow in the main duct produces a large negative cross-product term in Fig. 10͑c͒ . This, in the presence of the vorticity in the junction, yields a strong contribution to the acoustic power. Comparison with Fig. 9 reveals that the magnitude of the vorticity near the center of circulation in Fig. 10͑d͒ is approximately the same as the vorticity in Fig. 9͑d͒ . The amplitude of the cross product has increased greatly from Fig. 9͑c͒ to Fig. 10͑c͒ however, which causes the acoustic power in Fig. 8͑b͒ to be much greater than the power in Fig. 8͑a͒ . Comparison between the location of the acoustic sources for these two times with their corresponding smoke plots in Fig. 5 illustrates that the location FIG. 9 . Components of the triple product ͓Eq. ͑1͔͒ for Fig. 8͑a͒, Stϭ0.4 Fig. 8͑c͒ , Stϭ0.4, uЈ/Uϭ0.5; ͑a͒ u; ͑b͒ uЈ; ͑c͒ ϪuÃuЈ; ͑d͒ ͓black lines in ͑c͒ and ͑d͒ denote zero amplitude, white in ͑d͒ is due to amplitudes off of color bar͔. and size of the sources closely resemble the location and size of the smoke vortices.
Next at 6T/8 in Fig. 6 , the acoustic source has turned to a large relatively weak sink in Fig. 8͑c͒ , with peak amplitude near Ϫ0.024 W/m. The vorticity in Fig. 11͑d͒ still shows a large negative circulation above the downstream corner of the side branch, and the strength of the vortex has decreased only slightly. The acoustic velocity has now reversed direction in Fig. 11͑b͒ , and is now weakly pulling into the side branch. This downward pull creates a mostly positive crossproduct contribution outside of the side branch, as shown in Fig. 11͑c͒ . The combination of the positive cross product with the negative vorticity now produces an acoustic sink over the downstream corner. However, the weak acoustic velocity does not give the cross product a strong contribution, and the sink is relatively weak because of this.
Finally, the last frame investigated corresponds to time T in Fig. 6. Figure 8͑d͒ shows that the acoustic power is mostly negative during this portion of the acoustic cycle, with a local concentrated peak sink of approximately Ϫ4.2 W/m located at the upstream corner. The velocity in Fig. 12͑a͒ reveals that the vortex has already begun to roll up near the upstream corner at this time. During this portion of the acoustic cycle, the acoustic pulse in Fig. 12͑b͒ is drawing strongly down into the side branch. This produces a positive cross-product component outside of the side branch in Fig.  12͑c͒ . Similar to the observations in Fig. 9͑c͒ , but with the acoustic velocity in the opposite direction, the presence of the vortex near the upstream corner tends to augment the cross product near the upstream corner and create a negative component further down in the side branch. The presence of the negative vorticity in Fig. 12͑d͒ combined with the strong positive cross product near the upstream corner creates a strong acoustic source near the upstream corner. Because the vorticity is highly localized near the upstream corner, however, the strong sink in Fig. 8͑d͒ is confined to the vicinity of the upstream corner.
Comparing the figures at different times in the acoustic cycle, the acoustic source is produced as the acoustic velocity pulse pushes upward out of the side branch, while an acoustic sink is produced as the acoustic velocity pulls back into the side branch. Comparing these two conditions in Figs. 10 and 12 reveals that the peak amplitude of the negative values of the cross product from Eq. ͑3͒ in Fig. 10͑c͒ is nearly half the peak amplitude of the positive values of the cross product in Fig. 12͑c͒ . The vorticity in Fig. 10͑d͒ occurs over a broader area than the stronger, more condensed vorticity in Fig. 12͑d͒ , which results in the source of Fig. 8͑b͒ being larger in size than the sink in Fig. 8͑d͒ . Examining the time-averaged acoustic source in Fig. 7 once again shows that the source and sink produced during the upward and downward acoustic pulses carry over into the time averaged power. Once the entire acoustic cycle has been accounted for, a large source remains over the junction between the main duct and the side branch with a localized sink near the upstream corner.
IV. CONCLUDING REMARKS
This work has demonstrated the ability of conventional CFD methods to solve coupled flow-acoustic problems for a FIG. 12 . Components of the triple product ͓Eq. ͑1͔͒ for Fig. 8͑d͒ , Stϭ0.4, uЈ/Uϭ0.5; ͑a͒ u; ͑b͒ uЈ; ͑c͒ ϪuÃuЈ; ͑d͒ ͓black lines in ͑c͒ and ͑d͒ denote zero amplitude, white in ͑d͒ is due to amplitudes off of color bar͔. configuration with two coaxial side branches attached to a main duct. A true coupling is computationally possible between the flow field and the acoustic field, allowing acoustic oscillations to grow larger than their initial values at certain flow conditions. Computations with several different flow velocities demonstrated the ability to properly identify when the flow-acoustic coupling should and should not occur. Comparisons with the experimental smoke visualization work of Ziada ͑1993͒ show the ability to duplicate the motion of the vortex as it propagates across the side-branch opening and interacts with the acoustic waves in the side branch. Using the theory of Howe ͑1984͒, it was shown that a large net acoustic source is produced in the main duct just outside of the side branch due to the interaction between the vortices and the flow and acoustic fields.
